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POSTOP: Pos tbuck led  Open-STiffener Optimum - P a n e l s  - Theory and C a p a b i l i t y  - - - I 

John N.  Dickson and S h e r r i l l  B. Biggers 

Lockheed-Georgia Company 

Marietta, Georg ia  

SUMMARY 

A computer program, POSTOP, for t h e  a n a l y s i s  or s i z i n g  or s t i f f e n e d  

p a n e l s  is d e s c r i b e d .  Buck l ing  r e s i s t a n t  o r  p o s t b u c k l e d  p a n e l s  s u b j e c t  to  

l o a d i n g  conditions t y p i c a l  of a e r o s p a c e  s t ructures  may be t r e a t e d .  Com- 

p o s i t e  materials may be used.  A n a l y t i c a l  r o u t i n e s  a r e  i n c l u d e d  t o  compute 

p a n e l  s t i f fnesses ,  s t r a i n s ,  l o c a l  and p a n e l  b u c k l i n g  l o a d s ,  and s k i n /  

s t i f f e n e r  interface stresses. M u l t i p l e  l o a d  cases may be d e f i n e d .  S i z i n g  

is performed by t h e  COPES/CONMIN o p t i m i z a t i o n  r o u t i n e s .  "his r e p o r t  

d e s c r i b e s  t h e  a n a l y t i c a l  and s i z i n g  p r o c e d u r e s  used i n  t h e  program. 

INTRODUCTION 

S t i f l ' ened  p a n e l s  a r e  w i d e l y  used  i n  a e r o s p a c e  s t r u c t u r e s .  Applica-  

t i o n s  i n c l u d e  f u s e l a g e s ,  l i f t i n g  and control surfaces,  s p a r  webs, b u l k h e a d s  

and f l o o r s  among o t h e r s .  The s k i n  or web is t y p i c a l l y  r e q u i r e d  t o  remain 

unbuckled u n d e r  some l o a d i n g  c o n d i t i o n s  b u t  a l l owed  t o  enter t h e  p o s t b u c k l -  

i ng  regime u n d e r  other more severe l o a d i n g  c o n d i t i o n s .  For example,  m e t a l  

t r a n s p o r t  f u s e l a g e s  a r e  no rma l ly  a l lowed  to  b u c k l e  a t  ultimate loads b u t  

a r e  * r e q u i r e d  t o  be unbuckled a t  l o a d s  c o r r e s p o n d i n g  t o  l g .  l e v e l  f l i g h t .  

The p r e l i m i n a r y  d e s i g n  of minimum-weight s t i f f e n e d  p a n e l s  subjec t  t o  m u l t i -  

p l e  l o a d i n g  c o n d i t i o n s  and v a r i o u s  r e q u i r e m e n t s  a s s o c i a t e d  w i t h  each load- 

i n g  c o n d i t i o n  can become a f o r m i d a b l e  problem. If compos i t e  materials a r e  

t o  be c o n s i d e r e d ,  t h e  number of d e s i g n  v a r i a b l e s  and t h e  s i z e  o f  t h e  o p t i -  

m i z a t i o n  problem, a s  well as  t h e  c o m p l e x i t y  of  t h e  r e q u i r e d  a n a l y s e s ,  may 

i n c r e a s e  s u b s t a n t i a l l y .  

1 



A8 an a i d  t o  the pre 

be l oaded  i n  t h e  p 

TOP, h a s  been developed .  A comprehens 

up led  to  t h e  COPE 
duoe t b i s  s i z i n g  code. 

a1 or compos i t e  p a n e l s  w fener@, su-bjedted ta  com- 

b ined  b i a x i a l  p r e s s i o n  (or tension),  s h e a r  and norfvlal pressure losUing .  

t u d i n a l  compress ion ,  however ,  is assWi?d ta be t i h a n t  l o a d i n g  . 
Tempera ture ,  i n i t i a l  b o w  eccentri jt and load e c c e n t r i c i t y  e f f  

i n c l u d e d .  n?e pane l  geometry is assumed t o  be  r e p e t i t i v e  setJ$raf bays  

in t h e  l o n g i t u d i n a l  ( s t i f f e n c r f  d i rec t ion  a l  &ll a8 i n  
d i r e c t i o n .  These r e s t r i c t i o n s  were i sed t o  a l l o w  t h e  bsv  

a n a l y s i s  r o u t i n e s  w i t h  t h e  e f f i c i e n c y  r e q u i r e d  i n  a p r a  

The resu l t ing  program is a p p l i c a b l e  t o  s t i f f e n e d  p a n e l s  

f u s e l a g e ,  wing,  or empennage s t ructures ,  
This r e p o r t  describes i n  some d e t a i l  t h e  a n a l y s i s  proca 

r a t i o n a l e  for t h e  a s s u m p t i a n s  used t h e r e i n .  A brief d o s e r i p t i a n  of t h e  

s i z i n g  methodology i s  g i v e n .  F u r t h e r  d i s c u s s i o n s  o f  t h e  o p t h  

;:*v'ccdu.-e and r o u t i n e s  a r e  a v a i l a b l e  1 n Refe rences  1-3. P e k ~ i l l s d  i ri' t , i - i t f ,  

tions for t h e  use of t h e  code and i n t e r p r e t a t i o n  of t h e  o u t p u t  from t h e  

program a r e  g iven  a l o n g  w i t h  s e v e r a l  examples  i n  a s e p a r a t e  User's MBrjIIa1 

(Refe rence  4 ) .  

2 



SYMBOLS 

7 

Symbols g e n e r a l l y  a r e  d e f i n e d  i n  t h e  text a s  t h e y  f i r s t  o c c u r .  A list o f  
t h e  more i m p o r t a n t  ones  is g iven  below. 

- t a n g e n t  i n -p l ane  s t i f f n e s s e s  of pos tbuck led  p l a t e  

- s t i f f e n e r  s p a c i n g  

- r o t a t i o n a l  s t i f f n e s s  o f  s k i n  u s e d  i n  s t i f f e n e r  l o c a l  

b u c k l i n g  a n a l y s i s  

- normal pressure l o a d  

- l o n g i t u d i n a l ,  t r a n s v e r s e  and normal d i s p l a c e m e n t s  of  a p l a t e  

- x , y ,  and z d i r e c t i o n  d i s p l a c e m e n t s  of s t i f f e n e r  s h e a r  c e n t e r  

- c o o r d i n a t e  d i r e c t i o n s  

- s t i f f e n e r  s h e a r  c e n t e r  c o o r d i n a t e s  r e l a t i v e  t o  c e n t r o i d  

- s t i f f e n e r  c e n t r o i d  c o o r d i n a t e s  

- c o o r d i n a t e s  of  l i n e s  where s k i n  a t t a c h e s  t o  s t i f f e n e r  i n  
t o r s i o n a l / f l e x u r a l  a n a l y s i s  

- v e r t i c a l  d i s t a n c e  from p a n e l  c e n t r o i d  t o  ith s t i f f e n e r  

e lement  

- p l a t e  in -p l ane  s t i f f n e s s e s  

- l o n g i t u d i n a l  e x t e n s i o n a l  s t i f f n e g s  of  ith s t i f f e n e r  element 

3 



u d i n a l  @xterlbiorial  s t i f f n e s s  of 

pos tbuckled  p l a t e  

- p l a t e  bending s t i f f n e s s e s  

- clinal bending s t i f f n e s s  of ith st 

n g i t u d i n a l ,  ellt rial s t i f f n e s s  

- pane l  l o n g i t u d i n a l  bending s t i f f n e s s  

- s t i f f e r l e r  e x t e n s i o n a l ,  t o r s i o n a l  and warping s t i f f  

EIyy,EIyz,EI__ - s t i f f e n e r  bending s t i f f n e s s e s  

3 nS 

L6 

s e c a n t  and t a d g e n t  pane l  e x t e n s i o n a l  s t i f f n e s s e s  

- s e c a n t  and t a n g e n t  panel bending: s t i f  f n e s s e s  

- s t i f f e n e r  p o l a r  bending s t i f f n e s s  

- jth c o n s t r a i n t  

- r o t a t i o n a l  s t i f f e n e s s  of s t i f f e n e r +  e q u a t i o n s  21 a n d  23 

- n e t  r o t a t i o n a l  s t i f f n e s s  of s t i f f e n e r ,  e q u a t i o n  24 

t h  - t r a n s v e r s e  moment and normal s h e a r  c o n s t r a i n t s  on k 

s t i f f e n e r  

- moments d u e  t o  bow e c c e n t r i c i t y ,  a x i a l  load e c c e n t r i c i t y  and 

p r e s s u r e  

- margin  o f  s a f e t y  f o r  failure mode j 

4 



h 

- a p p l i e d  l o n g i t u d i n a l ,  t r a n s v e r s e  and s h e a r  l o a d s  Nx Ny Nxy 

- l o n g i t u d i n a l  s tress r e s u l t a n t  i n  ith stiffener element Nx i 

t h  - i n -p l ane  t r a n s v e r s e  and s h e a r  c o n s t r a i n t  forces on k (k) (k) 
NYY * NxY 

s t i f f e n e r  

- a v e r a g e  l o n g i t u d i n a l ,  t r a n s v e r s e  and s h e a r  stress r e s u l t a n t s  N1'N2'N12 
on pos t -buckled  p l a t e  

N T  - e q u i v a l e n t  t he rma l  l o a d s  

- e q u i v a l e n t  l o n g i t u d i n a l  t h e r m a l  l o a d s  i n  ith s t i f f e n e r  T 
x i  

element 

- e q u i v a l e n t  t r a n s v e r s e  the rma l  l o a d s  i n  ith s t i f fener  element  T 
N r l i '  N y s k  

and s k i n  

P,, P, - s t a n d a r d  and modi f ied  Euler l o a d s  
Y 

P - s t i f f e n e r  compression l o a d  

'n - nth deg ree  Legendre polynomial  

R R  - r e a c t i o n  f o r c e s  on s t i f f e n e r  a t  c e n t e r  of  r o t a t i o n  Y' 

V - s t r a i n  energy  p e r  u n i t  a r e a  o f  pos tbuck led  p l a t e  

- w i d t h  of  ith s t i f f e n e r  element, i = 1,5 wi 

- ith d e s i g n  v a r i a b l e  
*i 

Y (Xi ) 

c - l a m i n a t e  s t r a i n s  

- o b j e c t i v e  f u n c t i o n  

5 



- longitudinal strain i n  ith stiffener element 

61'e2' 712 - longitudinal, transverse and shear strains at edges of 

postbuckled plate 

@ - rotation of stiffener, fle%ibls cross-section 

- longitudipal curvature of' panel 

A - half-Wavelength 

- Poisson's ratio in ith stiffener element and s k i 0  'xi "xysk 

9 - rotation of stiffener, rlgid cross-section 

crx,a 0 - longitudinal, transverse and normal stresses at Y' 
skin/stiffener interface 

T x y ,  Txz,Tyz - in-plane and transverse s h e a r  stressi*s at sbin/stiffener 
interface 

4 
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STRUCTURAL ANALYSIS -- _. 

A f low c h a r t  of t h e  p r i n c i p a l  e l e m e n t s  of t h e  a n a l y s e s  is shown i n  

F i g u r e  1. I n i t i a l l y  s k i n / s t i f f e n e r  s e c t i o n  p r o p e r t i e s  are  c a l c u l a t e d  

assuming t h e  s k i n  t o  be unbuckled t o  o b t a i n  a first  estimate of t h e  

l o n g i t u d i n a l  s t r a i n  and c u r v a t u r e  of t h e  p a n e l .  S i n c e  t h e  rotaticjnal 
r e s t r a i n t  p rov ided  by t h e  s t i f fener  t o  t h e  s k i n  is a f u n c t i o n  of t h e  

s t i f f ene r  l o a d ,  it may be d e t e r m i n e d  o n l y  a f t e r  t h e  p a n e l  s t r a i n  and 

c u r v a t u r e  a r e  known. If t h e  a p p l i e d  l o a d s  c a u s e  b u c k l i n g  of t h e  s k i n  

(assuming s k i n  b u c k l i n g  is p e r m i t t e d ) ,  t h e  p o s t b u c k l e d  p l a t e  a n a l y s i s  is 

performed and an i t e r a t i v e  p r o c e d u r e  is needed t o  d e t e r m i n e  t h e  correct 
s t r a i n  and c u r v a t u r e  o f  t h e  p a n e l .  The p o s t b u c k l e d  p l a t e  a n a l y s i s  p r o v i d e s  

t h e  t a n g e n t  and secant s t i f fnesses  o f  t h e  buck led  s k i n  needed i n  d e t e r m i n -  

i n g  t h e  p a n e l  s t r a i n  and c u r v a t u r e .  The r o t a t i o n a l  r e s t r a i n t  of t h e  s k i n  

by t h e  s t i f f e n e r  is r e e v a l u a t e d  d u r i n g  t h e  i t e r a t i v e  p r o c e d u r e  t o  account 
for  r e d i s t r i b u t i o n  o f  l o a d  between t h e  s k i n  and s t i f f e n e r .  S k i n  s t r a i n s  a t  

v a r i o u s  l o c a t i o n s  a r e  a l s o  compared w i t h  m a t e r i a l  a l l o w a b l e s  and t h e  mem- 
b r a n e  s t r a i n s  a r e  checked a g a i n s t  p r e s c r i b e d  s t r a i n  l i m i t a t i o n s .  S t r e n g t h  

?~!.'3 2nd l o c a l  b u c k l i n g  checks  a r e  performed for  t h e  s t i f f e n e r  e l n W ? ~ t ~  

i n c l u d i n g  t h e  r o l l i n g  mode i n  t h e  c a s e  o f  f l a n g e d  s t i f feners .  The t o r -  

s i o n a l / f l e x u r a l  b u c k l i n g  a n a l y s i s  of t h e  s t i f f e n e r s  t a k e s  i n t o  a c c o u n t  t h e  

e f f e c t  o f  the a t t a c h e d  s k i n .  A s k i n / s t i f f e n e r  i n t e r f a c e  stress a n a l y s i s  is 

performed a s  a f i n a l  check a t  t h e  o p t i o n  of t h e  user. Design c o n s t r a i n t s  

r e l a t i v e  t o  t h e  s k i n  l a y u p  may a l s o  be imposed. 

The p r i n c i p a l  elements of t h e  a n a l y s e s  a r e  d i s c u s s e d  i n  some d e t a i l  i n  
t h e  f o l l o w i n g  sections.  

SECTION PROPERTIES AND PANEL STIFFNESSES 
-I_. - --- _______l__-___ --I_- 

The geometry of t h e  s t i f f e n e r  i s  shown i n  F i g u r e  2. The w i d t h  o f  any 

o r  a l l  f l a n g e s  may be s e t  t o  z e r o  t o  produce o t h e r  t h a n  I-shaped c r o s s -  

s e c t i o n s .  The w i d t h s ,  t h i c k n e s s e s ,  and p l y  l ay -ups  of a l l  f i v e  s t i f fener  

e l e m e n t s  may be d i f f e r e n t .  A l l  elements a re  assumed t o  be  b a l a n c e d  and 

symmetr ic .  I t  is  f u r t h e r  assumed t h a t  a l l  p l a t e  elements have a s u f f i c i e n t  

number of p l i e s  so t h a t  b e n d i n g - t w i s t i n g  c o u p l i n g  i n  t h e  p l a t e s  may b e  

7 
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Figure 1 .  'F low Chart of Analysis Routines 



naglpctctd,  and t h e  p l a t e s  may be t rea ted  a s  s p e c i a l l y  o r t h o t r o p i c .  These 

r e q u i r e m e n t s  are  norma l ly  s a t i s f i e d  by p r a c t i c a l  c o m p o s i t e  structures. ?he 
s i m p l i f i c a t i o n s  al lowed by t h e s e  a s s u m p t i o n s  g r e a t l y  i n c r e a s e  t h e  computa- ' 

t i o n a l  e f f i c i e n c y  of t h e  a n a l y t i c a l  r o u t i n e s .  

z 

A = CENTER OF ROTATICN 
C = CENTROIO 
5 = SHEAR CENTER 

H 

Y 

I 

Figure 2, Stiffener Geometry 

The  s t i f f e n e r  is t r e a t e d  a s  a n  a s semblage  of p l a t e  elements i n  deter-  

mining t h e  e x t e n s i o n a l ,  bend ing ,  t o r s i o n a l  and warp ing  s t i f f n e s s e s .  L i n e a r  

l a m i n a t e  t h e o r y  is used t o  determine t h e  p l a t e  i n p l a n e  s t i f f n e s s e s ,  A i j ,  

and bending s t i f f n e s s e s ,  D a s  well a s  t h e  e q u i v a l e n t  t h e r m a l  l o a d s ,  

N . The s t ress  r e s u l t a n t s  a c t i n g  i n  t h e  p l a n e  of  t h e  ith s t i f f e n e r  element 

a r e  g iven  b y  

T i j '  

9 



by the akin .  The 

r elements is 

longitudinal stress resu omes 

E3Y 

- 
where the longitudinal extensional stiffness, Ax is 

Similarly for the longitudinal bending stiffness 

2 - - 
Dx - D1l - D12/D22 

The longitudinal extensional and bending stiffnesses of the panel. are 

required in the beam-column analysis which determines the longitudinal 

strain$ and curvatures in the ious elements of the panel(see Figure 2). 

These otiffnesses are: 

5 
FA = wi xxi + bs xxsk 

x i=l 
P 

IO 



where t h e  E i d i s t a n c e s  a r e  measured from t h e  p a n e l  c e n t r o i d  to  t h e  mid- 

s u r f a c e  of t h e  p l a t e  elements. If t h e  s k i n  is b u c k l e d ,  s e c a n t  or t a n g e n t  

v a l u e s  of A m u s t  be used in c a l c u l a t i n g  pane l  stiffnesses. This is d i s -  

c u s s e d  i n  more d e t a i l  i n  t h e  Pos tbuckled  P la te  A n a l y s i s  Section. 
xsk 

I n  t h e  t o r s i o n a l / f l e x u r a l  b u c k l i n g  a n a l y s i s ,  e x t e n s i o n a l  (EA), bending  

E1 1,  t o r s i o n a l  (CJ), and warping  (C,)  stiffnesses of t h e  

stiffener a r e  r e q u i r e d .  In c a l c u l a t i n g  t h e s e  stiffnesses, t h e  p o r t i o n  of 
(E*yy* E1yz' 22 

t h e  skin which is i n t e g r a l  w i t h  t h e  a t t a c h e d  f l a n g e  of t h e  s t i f f e n e r  is 

assumed t o  be p a r t  of t h e  s t i f f ene r .  Elementary beam t h e o r y  is used t o  
determine t h e s e  s t i f f n e s s e s  a s  well a s  t h e  l o c a t i o n  of t h e  s h e a r  center 
a b o u t  which t h e  warp ing  s t i f f n e s s  is computed. 

BEAM-COLUMN ANALYSIS -- 

S i n c e  t h e  s t i f f n e s s e s  of t h e  buckled  s k i n  a r e  f u n c t i o n s  of t h e  s k i n  

and s t i f fener  s t r a i n s  and t h e  s k i n  s t r a i n s  depend on t h e  p a n e l  stiffnesses, 

an  i t e r a t i v e  beam-column a n a l y s i s  is r e q u i r e d  t o  d e t e r m i n e  t h e  s t r a i n s  and 

c * i . f ~ ~ t w c s  in t h e  p a n e l .  If t h e  s k i n  is not buckled  or !s r a q u i r e d  tc. 52 

unbuck led ,  o n l y  one p a s s  th rough  t h e  i t e r a t i o n  rout ine o c c u r s  i n  t h e  

a n a l y s i s .  O the rwise  t h e  i t e r a t i o n  p roceeds  u n t i l  t h e  newly c a l c u l a t e d  

l o n g i t u d i n a l  s t r a i n  i n  t h e  s k i n  a p p r o x i m a t e l y  e q u a l s  t h e  p r e v i o u s l y  cal- 

c u l a t e d  v a l u e .  A s i m p l e  f low c h a r t  of  t h e  b a s i c  o p e r a t i o n s  is shown in 
F i g u r e  3. 

A f t e r  s e l e c t i n g  any i n i t i a l  g u e s s  f o r  t h e  s k i n  s t r a i n  and c a l c u l a t i n g  

t h e  s t i f fener  p r o p e r t i e s ,  t h e  unbuckled p a n e l  s t i f fnesses  a r e  computed. 

The Euler l o a d ,  a d j u s t e d  for s t i f f e n e r  s h e a r  f l e x i b i l i t y ,  is d e f i n e d  a s  

11 
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where A66 and w r e f e r  t o  t h e  s h e a r  s t i f f n e s s  and h e i g h t  of t h e  web, 

r e s p e c t i v e l y ,  n is t h e  shape  f a c t o r ,  EXT is t h e  t a n g e n t  bending s t i f f n e s s  

of t h e  s k i n / s t i f f e n e r  combina t ion ,  and PE is t h e  s t a n d a r d  Eu le r  load .  
Equat ion  ( 6 )  is o b t a i n e d  from Reference 5,  Section 2.17. For s t i f f e n e r s  

h a v i n g  a f r e e  f l a n g e  (wl, w2), t h e  shape  f a c t o r ,  n ,  is c o n s e r v a t i v e l y  

assumed to  be 1.0. For b l a d e  s t i f f e n e r s ,  n is t a k e n  a s  1.1,  a v a l u e  midway 

between t h a t  a p p r o p r i a t e  f o r  a r e c t a n g u l a r  c r o s s - s e c t i o n  (1.2) and a 
f l a n g e d  s t i f f e n e r  (1 .0 ) .  

5 

The maximum moment a t  t h e  pane l  midpoin t  is t h e  sum of t h e  moments  due 

t o  i n i t i a l  bow, load  eccentr ic i ty ,  and p r e s s u r e  

I f  t h e  m a g n i f i c a t i o n  p a r a m e t e r s  Y a n d  p a r e  d e f i n e d  a s  

Y =  Nx bs/FE 

p =rima 

t h e  moments can be w r i t t e n  a s  

(8) 

(9) 

( 1 1 )  

(12) 



p = Spplled I 'ressure 

( P o s i t i v e  It I n t e r n a l )  

The curvature a t  midspan is 

e %Is is t h e  s e c a n t  bend-iwg s t i f f h e s s  of  t h e  p a n e l .  Although t h e  

%angen t  and s e c a n t  s t i f f n e s s e s  vary  along t h e  l e n g t h  o f  t h e  pane l  dWe t o  

of the moment a long  t h e  l e n g t h ,  t h e  pane l  I s  cohserva t ive l -Y 

assumed t o  have  c o n s t a n t  p r o p e r t i e s  a l o n g  i t 3  l e n g t h  based on t h e  maximum 

span moment. If a nonzero  v a l u e  of ''e" is s p e c i f i e d ,  s e p a r a t e  a n a l y s e s  

med f o r  +e and -e. 

The l o n g i t u d i n a l  s t r a i n  i n  any edement o f  t h e  pane l  is 

= P/FAs + Z i  Kx 'xi 

s t h e  t o t a l  e q u i v  i t  

T 15) 

I 



where N ST is t h e  e q u i v a l e n t  t h e r m a l  l o a d  i n  t h e  s t i f f e n e r .  Having an 

improved estimate of t h e  l o n g i t u d i n a l  s t r a i n  i n  t h e  s k i n  from e q u a t i o n  

(15) .  as well as  s t r a i n s  i n  t h e  stiffener e l e m e n t s ,  new s k i n  secant and 

t a n g e n t  s t i f f n e s s e s  c a n  be computed. These s t i f f n e s s e s  are not Only 

f u n c t i o n s  of t h e  s k i n  s t r a in  b u t  a l s o  of t h e  s t i f f e n e r  e l emen t  S t ra in3  as 

r e f l e c t e d  th rough  t h e  s t i f f e n e r  r o t a t i o n a l  r e s t r a i n t  of t h e  s k i n .  This 

r o t a t i o n a l  res t ra in t  is d i s c u s s e d  i n  t h e  f o l l o w i n g  s e c t i o n .  The i t e r a t ion  
on s k i n  s t r a i n  c o n t i n u e s  u n t i l  two c o n s e c u t i v e  v a l u e s  d i f f e r  by less t h a n  

0.000020 i n c h e s / i n c h .  

ROTATIONAL RESTRAINT OF SKIN 

The s k i n  p l a t e  is  r e s t r a i n e d  a l o n g  i ts  l o n g  e d g e s  b y  t h e  s t i f f e n e r .  

The p a n e l  e n d s  are  assuned  to  be s imply  s u p p o r t e d .  For l o n g  wavelengths ,  

t h e  r o t a t i o n a l  r e s t r a i n t  i s  p r i m a r i l y  a f u n c t i o n  of  t h e  tors ional  s t i f f n e s s  

of t h e  s t i f f e n e r .  For s h o r t  wavelengths ,  t h e  neb transverse bending  

s t i f f n e s s  domina te s  t h e  r o t a t i o n a l  r e s t r a i n t .  I n t e r m e d i a t e  wave leng ths  

r e q u i r e  i n t e r a c t i o n  of t h e  t o r s i o n a l  s t i f f n e s s  of t h e  s t i f f e n e r  and t h e  

bending  s t i f fnes s  of t h e  web. 

The t o r s i o n a l  s t i f f n e s s  of t h e  s t i f f e n e r  may be de t e rmined  from t h e  

d i f f e r e n t i a l  e q u a t i o n  of a column s u b j e c t  t o  a d i s t r i b u t e d  t w i s t i n g  moment, 

M a .  This e q u a t i o n ,  o b t a i n e d  from ' k c t i o n  5.5 of Refe rence  5, is 

-R ( Z  -za) + Rz(y0-ya) = Ma ( 17) Y O  

- 
i n  which E T  is t h e  p o l a r  bending  s t i f f n e s s :  P is t h e  compress ion  load 

a c t i n g  on t h e  s t i f f e n e r ;  yo. z a r e  t h e  s h e a r  c e n t e r  c o o r d i n a t e s  and y a c  za 
a r e  t h e  c o o r d i n a t e s  of t h e  c e n t e r  of r o t a t i o n  r e l a t i v e  t o  t h e  c e n t r o i d ;  and 

R and R Z  are  t h e  h o r i z o n t a l  and v e r t i c a l  r e a c t i o n  forces a t  t h e  r o t a t i o n  

c e n t e r ,  r e s p e c t i v e l y  (see F i g u r e  2 ) .  

0 

0 

Y 

15 



the s k i n  is ass 

Assuming that the  cross-aecti uiith9ut; lwal defo 

rotation center,  as shown i n  Figure 4(a) ,  

Figure 4. Stiffener Rotationad Peforrnatian 

1 6  



where h is t h e  h a l f - w a v e l e n g t h .  As A becomes small  K increases r a p i d l y .  

I n  t h e  l i m i t  t h e  ro ta t ion  Cp v a n i s h e s  and t h e  s t i f f e n e r  de fo rms  as shown i n  

F i g u r e  4 ( b ) .  The r o t a t i o n a l  s t i f f n e s s e s  of t h e  s t i f fener  elements can b e  

o b t a i n e d  by so lv ing  t h e  d i f f e r e n t i a l  e q u a t i o n  

+ 

wi th  t h e  a p p r o p r i a t e  boundary c o n d i t i o n s  (free or e l a s t i c a l l y  r e s t r a i n e d )  

a t  one edge and an a p p l i e d  s i n u s o i d a l  moment a t  t h e  o p p o s i t e  edge.  The 

s t i f f n e s s  a s s o c i a t e d  w i t h  t h i s  d e f o r m a t i o n  is d e n o t e d  

and is a f u n c t i o n  o f  wave leng th ,  element l o a d s  and element s t i f fnesses .  If 

b o t h  K+ and KO a r e  f i n i t e ,  t h e  t o t a l  d e f o r m a t i o n  is as shown i n  F i g u r e  

4 ( c ) .  The n e t  s t i f fnes s  is a p p r o x i m a t e l y  t h a t  of two s p r i n g s  i n  ser ies  

If t h e  s t i f f e n e r  h a s  no free f l a n g e s ,  c r o s s - s e c t i o n a l  d e f o r m a t i o n  is 

@ *  n e g l i g i b l e  and KR i s  se t  e q u a l  t o  K 

17 



PO%$@ficKLED. PLATE ANRLYSIS 

test loadbd" i n  t h e  

1 c o m p r e s s i o n ,  or 

ace' baaed: an. the ar Pke1.d tlheory 

ftli which A is the half-wav of the b u c k l e  f n  the (SP 

dkretrt ion and m def of t h e  n o d a l  s in t h e  prescoee 

of $hear. To extend t h e  ysis into t h e  advanced. postbackling Pegkrne 

tBe f u n c t i o n  Wby) Eb t (W. z f) in a c e n t e r  s t r i p  OF wid th  

!? .- Cy )by 333 Pemains d o u b l y  c 

l a  ceme t~ t p a t t e r  e 5. The R a y l e i g h - h i t t  tn'pth-od is 

used td dertermine rsr m, f and a. For pla tes  of 

NODAL LINE 

Figure 5. Past hckting Wave Pattern 
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f i n i t e  a s p e c t  rat1o.A m u s t  be de termined  so a s  t o  produce  an  i n t e g e r  number 

of h a l f  waves a l o n g  t h e  p l a t e  l e n g t h .  The correct number of h a l f  waves is 
t h a t  which makes t h e  s t r a i n  ene rgy  a minimum. 

Average stress r e s u l t a n t s  

The t o t a l  s t r a i n  energy  p e r  unit s u r f a c e  a r e a ,  i n c l u d i n g  t h e  t o r s i o n a l  

s t r a i n  energy  of t h e  s t i f f e n e r ,  may be w r i t t e n  as 

\ 

v = -  1 I": - -  
I Ti,, 2 [ (3-2a)CrXIl D 2 + A2,/Q3] 

k = 1,2,3 
k k  Ck = b C/bm 

19 



a '&iTfener 
t a n t s ,  

in terms of 

w 3 ebrs D, F, 

4- m 2 )(1 - d  +- 

I 

8Sra on (261, w i t h  res$ F,  141, 
end a ,  for a given v a l u e  of DI !fields na frob whbeh t h e  

three parameters can be d e t e  

2 
N1D(2-Cr) + N2[m%(2-ol) $. l/aj - B12 m(2-a) + 2 K w / @  bs) t 

N2m(2-Cr) - N12 ( 2 4  + 8 1 N* [lX1(2-cY) + 2 1 C3/& J = 0 

2 L 4 NID + ?J2(m% + l/cl ) - 2 N l p  - BF [ (3-4a) - 3A22/cY J 

+ +*[D2C + -$x2/0a2+ 3QZ2/a4J + 4 1 $ . / ( c ~ ~ b ~ )  = 0 

( 2 9 )  

s 

(30) 

Sinae equetian (301 was tained by differehtiation w i t h  r 
it 58 not v a l i d  in t Zing regfan w 
value ai' 1.0 over R fange of n the i r i f t i a l  buckling l a a d .  



A t  t h e  o n s e t  of b u c k l i n g  (r = 1 and F = 0. E q u a t i o n s  (28) and (29) may 

t h e n  be written 

2 1  2 +-h* (DC+-=fC2+P22) + b s = O  (31) NID + N2(m D + 1) -2Nl,mD 2 

S 

(32) 

For s p e c i f i e d  v a l u e s  of N2 and  N12, t h e  q u a n t i t y  m can be d e t e r m i n e d  

from e q u a t i o n  (32)  by  i t e r a t i o n ,  for a g i v e n  v a l u e  of D (wave leng th ) .  The 

above p a r a m e t e r s  t o g e t h e r  w i t h  a p r e l i m i n a r y  v a l u e  of KR may be s u b s t i t u t e d  

i n  equat , ion ( 3 1 )  t o  y i e l d  t h e  c o r r e s p o n d i n g  l o a d  N,. Since K R  is a 

f u n c t i o n  of s t i f f e n e r  l o a d  a s  well a s  wave leng th ,  t h e  correct v a l u e  of N, 
a g a i n  m u s t  be found by i t e r a t i o n .  

71 
% n?;cr.ge stress r e s u l t a n t  N 1  is c a l c u l a t e d  for a ser ies  of W V E -  

The minimum v a l u e  of N 1  c o r r e s p o n d s  to  t h e  i n t i a l  b u c k l i n g  l o a d  l e n g t h s .  

NICR' 

S t r a i n s  i n  b u c k l e d  s k i n  - - - .--__ ___-  I___.I _- 

As one  of t h e  f a i l l i r e  modes c o n s i d e r e d  i n  t h e  a n a l y s i s ,  s t r a i n s ,  or 

! 3 t r c * : w + 3 ,  i n  t h e  s k i n  a r e  compared w i t h  mater ia l  allowables.  The maximum 

l o n g i t u d i n a l  mcmbrane s t r a i n  ( € , I  i n  t h e  s k i n  o c c u r s  a l o n g  t h e  noda l  l i n e s  

p a r a l l e l  t o  t h o  s t i f f e n e r .  T h i s  s t r a i n  increases w i t h  i n c r e a s i n g  l o a d .  

The l o n g i t u d i n a l  membrane s t r a i n  i n  t h e  c e n t e r  p o r t i o n  of t h e  s k i n  between 

%wo s t i f f e n e r s  on t h e  o t h e r  h a n d ,  r ema ins  e s s e n t i a l l y  c o n s t a n t  and e q u a l  t o  

i t s  value a t  i n i t i a l  b u c k l i n g .  La rge  b e n d i n g  s t r a i n s  ex is t  i n  t h i s  region 

of t h e  s k i n  a n d ,  a s  a r e s u l t ,  t h e  t o t a l  c o m p r e s s i v e  s t r a i n  i n .  t h e  center 

p o r t i o n  of t h e  s k i n  may exceed t h e  s t r a i n  i n  t h e  s k i n  a t  t h e  s t i f fener  

22 



l o c a t i o n .  

g i v e n  by 

I n  t h e  c e n t e r  regiap of t h e  s k i n ,  t h e  middle s u r f a c e  s t r a i n s  a r e  

( 3 3 )  

- 2rnxn(l - cu/2 = y12 

The c u r v a t u r e s  i n  t h e  c e n t e r  p o r t i o n  of t h e  s k i n  v a r y  s i n u s o i d a l l y  i n  

t h e  l o n g i t u d i n a l  d i r e c t i o n  

?he s t r a i n s  i n  e a c h  p l y  are computed a t - ' t h e  f o u r  p o t e n t i a l l y  c r i t i c a l  
7 1  ;>it:tz L'er'ine3 by ( x , y ) = ( O , O ) ,  (h/2. 0 ) .  ( 0 ,  bs/2), and (h/2. b S / 2 ) .  

s k i n  s t r e n g t h  marg in  of s a f e t y  c o r r e s p o n d s  t o  t h e  p l y  and t h e  loc ;3 t ion  

w h e r e  t h e  lowest margin of s a f e t y  ex is t s  a c c o r d i n g  t o  t h e  maximum 2t,rajn 

c r i t e r i o n  or t h e  Tsai-Hi11 c r i t e r i o n .  

Buckled s k i n  s t i f f n e s s e s  
_--I 

F o r  s t a b i l i t y  c a l c u l a t i o n s ,  t h e  s t i f f n e s s  m a t r i x  of t h e  buck led  s k i n  

w i t h  r e s p e c t  t o  i n c r e m e n t a l  d e f o r m a t i o n s  must  be known. In terms of t h e  

a v e r a g e  stress r e s u l t a n t s  i n  t h e  s k i n ,  N,, N 2  and  N6 = NI2, and t h e  

t h e  s t r a i n s  i n  t h e  s k i n  a t  t h e  s t i f f e n e r  l o c a t i o n s ,  e , ,  6 

i n c r e m e n t a l  l o a d - - s t r a i n  r e l a t i o n s h i p s  may be w r i t t e n  a s :  
$2, and € 6  = 

1. 

de;! 

''5 2 

9 3  "12 "16 

"12 a22 "26 ( 3 5 )  

7 %  



so t h a t  t h e  c o e f f i c i e n t s  of t h e  t a n g e n t  stiffness matrix a r e  g i v e n  by 

To d e t e r m i n e  t h e  c 
w i t h  r e s p e c t  to (I Thi 

j' 

i,j = 1,2,6 
(36) 

oeff ic ien ts  a e q u a t i o n s  (27) are d i f f e r e n t i a t e d  ij' 
s y i e l d s  e q u a t i o n s  i n  t h e  form 

where 

j=1,2,6 

D i f f e r e n t i a t i n g  e q u a t i o n s  (28)  t h r o u g h  (30)  w i t h  r e s p e c t  t o  € g i v e s  
j 

'11 d12 d13 

'21 d22 d23 

d31 '32 ' 3 3  

j 
F 

(38) 

= O  

j = 1,2,6 

Simul t aneous  s o l u t i o n  of e q u a t i o n s  (37)  and (38) y i e l d s  the t a n g e n t  s t i f f -  

ne33 c o e f f i c i e n t s  a 
i j '  
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a1 tangent and s e c a n t  a t i f fxnesses  of' bucltlied s k i n  a're 

section p e r t i e s  far i n  t h e  beam c o l u m n  

. The long i twd ina l  tangen& sti 

- t a n  - 
Axsk d€l 

- 

lows . n of 

S ince  t h e  average stress resul tants  N, and N,2 a r e  assumed 

pos tbuckl ing  regime,  dN2 = dN,2 = 0 and hence 

t a n t  t M  t h e  

The l o n g i t u d i n a l  s e e a n t  s t i f f n e s s  is given by 

DESIGN STRAIN LIMITATIONS - 

S t r u c t u r e s  c u r r e n t l y  designed w i t h  composite m a t e r i a l s  a r e  l i m i t e d  t o  

des ign  u l t i m a t e  s t r a i n  levels s u b s t a n t i a l l y  below t h e  f a i l u r e  s t r a l n s  O f  

the basic  composite m a t e r i a l .  The two p r i n c i p a l  f a c t o r s  e s t a b l i s h i n g  these 

l i m i t s  a r e  ( 1 )  stress c o n c e n t r a t i o n s  a s s o c i a t e d  with c u t o u t s ,  j o i n t s  and 

s p l i c e s  f o r  s t ructures  loaded i n  t e n s i o n ,  and ( 2 )  t o l e r a n c e  f o r  impact 

damage f o r  compression c r i t i c a l  s t r u c t u r e s .  Other c o n s i d e r a t i o n s  a r e :  

t r a n s v e r s e  c rack ing  i n  p l i e s  perpendicular  t o  the  major loading  d i r ec t l . on ,  

t empera ture  and humidi ty ,  c o m p a t i b i l i t y  with ad jacen t  m e t a l l i c   structure,^, 

t u r i n g  d e f e c t s ,  and r e p a i r a b i l i t y .  

, tension and compression s t r a i n  l i m i t a t i o n s  i n  t h e  # f i b e r  ld 

d i r e c t i o n  and t r a n s v e r s e  d i r e c t i o n  may be s p e c i f i e d  by t h e  user. e s e  

are app l i ed  a t  t h e  p ly  level t o  the? i n  membrane 

2 4 



Local bending s t r a i n s  due t o  p r e s s u r e  loading  and pos tbuckl ing  are not  

i n c l u d e d  i n  checks a g a i n s t  these l imitat ions.  Likewise thermal s t r a i n s  a r e  

excludsd.  Membrane s t r a i n s  i n  t h e  s k i n  r e s u l t i n g  from panel bending d u e  to  

eccentr ic i t ies ,  p r e s s u r e ,  and s k i n  buck l ing ,  however, a r e  included and 

added t o  those  caused by in-plane loading .  

STIFFENER STRENGTH 
h 

The s t r e n g t h  of t h e  s t i f fener  is based on t h e  maximum s t r a i n  criterion 

or t h e  Tsai-Hil l  c r i t e r i o n  a s  a p p l i e d  t o  t h e  c r i t i c a l  element of t h e  s t iff-  
ener. This element is t h e  free f l a n g e ,  i f  one is p r e s e n t ,  or t h e  free edge 

of a b lade  s t i f fener .  Longi tudina l  s t r a i n ,  Cxf, is computed from equa t ion  

(15). Since  t h e  t r a n s v e r s e  a p p l i e d  load and in-plane shea r  a r e  zero, t h e  

t r a n s v e r s e  and shea r  s t r a i n s  a re  

Ywi= 0 

where N T  is t h e  t r a n s v e r s e  thermal  load i n  t h e  element. If t h e  s t i f f e n e r  

is a b lade ,  t h e  c u r v a t u r e s  of t h e  web about  i ts midplane a r e  s e t  equal  t o  
ze ro .  If a f r e e  f l a n g e  is p r e s e n t ,  t h e  l o n g i t u d i n a l  c u r v a t u r e  about  its 
midplane is se t  equal  t o  t h e  panel  c u r v a t u r e  a s  given by equat ion  (14) .  

All o t h e r  c u r v a t u r e s  a r e  set equal  t o  zero .  S t r a i n s  a r e  c a l c u l a t e d  a t  each 

p l y  and t h e  c r i t i c a l  margin o f  s a f e t y  is computed accord ing  to  t h e  spec i -  
f i e d  c r i t e r i o n .  

Y i  

Local bending and t w i s t i n g  s t r a i n s  i n  t h e  s t i f f e n e r  elements due to  
pos tbuckl ing  deformat ions  i n  t h e  s k i n  a r e  c u r r e n t l y  neg lec t ed  i n  t h e  

a n a l y s i s .  

STIFFENER LOCAL BUCKLING 

The s k i n  is allowed 

v ious ly .  The wavelength 

l o a d e d  f u r t h e r  i n t o  t h e  

t o  b u c k l e  l o c a l l y  i n  POSTOP a s  d i scussed  pre- 

a t  i n i t i a l  buckl ing  is  2 A i b .  As t h e  s k i n  is 

p o s t b u c k l i n g  r a n g e ,  

dec reases .  POSTOP r e q u i r e s  t h e  s t i f f e n e r  t o  

r e s t r a i n t  t o  t h e  s k i n  i n  a l l  wavelengths s h o r t e r  
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t h e  c r i t i c a l  w a v e l e n g t h  

o f f e r  p o s i t i v e  r o t a t i o n a l  

than  2Aib. 



Tho s t i f f e n e r  w i l l  t h e r e f o r e  a lways restrain t h e  s k i n  and w99P not 
to d r i v e  t h e  sk or  to force it t o  have a 

e i b n g t h .  For t h e  longer wavelengths  ( h> bib) it is  

prtiffener may be r e s t r a i n e d  a g a i n s t  local b u c k l i n g  by t h e  s k i f f ,  For 

wi th  n o m a 1  g e m e t r y ,  t h i s  res t ra in t  w i 3 l  be advan 

a case of p a n e l s  w i t h  blade stiffeners. Ihe c 

ab b u c k l i n g  of flanged ern) i s  n o r m a l l y  sm 

bw k l  ing  wavelength o n a l / f l e x U r s l  
3% t h e  l o n g e r  wav u c k l i n g  analjf 

a31 hal f -wavelengths  from h i: L t o  A, = 
ed maximun number of wave 

ness, Ksk, is  c o n s e r v a t i v e l y  e s t i m a t e d  a s  4D22/b,. 
skln t r a n s v e r s e  bending s t i f f n e s s  n e g l e c t i n g  t h  

t~ t h e  a t t a c h e d  f l a n g e .  I n  p a n e l s  w i t h  buckled  s k i n ,  t h e  

d e f o r m a t i o n s  of t h e  s k i n  i n c r e a s e  t h e  t r a n s v e r s e  bending Stiff”nas$ @?fW 

that of  a f l a t ,  unbuckled p l a t e  for  A N  > Ai,. The convera t i sm i& t h ~  

imated r o t a t i o n a l  s t i f f n e s d ,  4DZ2/bs, may t h e r e f s r s  b e  extreme f o r  

h i g h l y  pos tbuckled  p a n e l s .  A summary o f  t h e  s t i f f e n e r  local  b 
e a l c u l a t i o n s  is shown i n  t h e  flow c h a r t  i n  F i g u r e  6. 
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'he l o c a l  b u c k l i n g  a n a l y s i s  ,of t h e  s t i f f e n e r  for a g i v e n  wavelength 

assunes t h a t  e a c h  s t i f fener  e lement  is u n i f o r m l y  loaded  i n  p u r e  compres- 

s i o n .  T h i s  assumpt ion  is approximated i n  t h e  s t i f fener  web of a p a n e l  

loaded i n  bending  due  to  eccentricities or p r e s s u r e  b y  t a k i n g  t h e  l o a d  a t  
t h e  web m i d h e i g h t  a s  t h e  magni tude  of  t h e  uniform l o a d .  F i g u r e  4 ( b )  shows 

t h e  d e f o r m a t i o n  a s s o c i a t e d  wi th  s t i f f e n e r  l o c a l  b u c k l i n g .  

The r o t a t i o n a l  s t i f f n e s s e s  o f  t h e  s t i f f e n e r  e l e m e n t s  a re  o b t a i n e d  from 

t h e  s o l u t i o n  to  e q u a t i o n  (22). F i r s t  t h e  free f l a n g e  r o t a t i o n a l  s t iff-  
n e s s e s  a re  o b t a i n e d  from t h e  s o l u t i o n  for a p l a t e  w i t h  o n e  edge  free and a 

s i n u s o i d a l  moment a p p l i e d  a t  t h e  o p p o s i t e  edge. The s t i f f e n e r  web/skin 
j u n c t i o n  r o t a t i o n a l  s t i f f n e s s ,  KO a s  d e f i n e d  i n  e q u a t i o n  (231, is  t h e n  

o b t a i n e d  from t h e  s o l u t i o n  for a p l a t e  r e s t r a i n e d  b y  t h e  f l a n g e  r o t a t i o n a l  

s t i f f n e s s  a t  t h e  f a r  edge  and s u b j e c t  t o  a s i n u s o i d a l  moment a t  t h e  n e a r  

edge. The f a c t o r  by which t h e  a c t u a l  e lement  l o a d s  must  b e  m u l t i p l i e d  t o  
g i v e  n e u t r a l  s t a b i l i t y  i s  found by i t e r a t i o n  for  e a c h  wavelength.  Neut ra l  

s t a b i l i t y  c o r r e s p o n d s  t o  KO + Ksk = 0. 

t h e  lowest l o a d  f a c t o r  minus one. 

The margin of s a f e t y  i s  e q u a l  to  

ROLLING OF STIFFENERS 

While s t i f f e n e r  s t a b i l i t y  a t  s h o r t  wavelengths  is governed by l o c a l  

b u c k l i n g ,  t o r s i o n a l  modes become c r i t i c a l  a t  l o n g  wavelengths .  If t h e  s k i n  
i s  v e r y  f l e x i b l e  i n  b e n d i n g ,  a s  i s  n o r m a l l y  t h e  case i n  buckled p a n e l s ,  t h e  

c r i t i c a l  l o n g  wave modes w i l l  be  t o r s i o n a l / f l e x u r a l  w i t h  e s s e n t i a l l y  r i g i d  
c r o s s - s e c t i o n a l  r o t a t i o n .  T h i s  mode i s  d i s c u s s e d  i n  t h e  f o l l o w i n g  s e c t i o n .  

I If t h e  s k i n  i s  v e r y  r i g i d  i n  b e n d i n g ,  a t o r s i o n a l  mode, as  shown i n  F igure  
7 for  a r i g i d  s k i n ,  c o u l d  b e  c r i t i c a l  a t  l o n g  wavelengths .  "his w i l l  b e  

r e f e r r e d  t o  a s  t h e  r o l l i n g  mode. In  l i e u  of a more a c c u r a t e ,  coupled 

t o r s i o n a l  a n a l y s i s  combining b o t h  t h e  r o l l i n g  and t o r s i o n a l / f i e x u r a l  modes, 

two s i m p l e r  a n a l y s e s  are used i n  POSTOP. 
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Using an a s s  d displacement f i e l d  fur the  s t i f f e n e r  &fbMM&~&fl id 
sded and r i r i t i i f i i ~ d  tht-iC r o l l i n g  made, t he  t o t a l  p o t e n t i a l  ene 

t U  determine the  c r i t i c a l  load factop.  

i d  (Reference 7) 
Here the  displaceihkk f i&$d  a 

2 . r r  71 u = -e2 y cos x 
2 n v = cz s i n  x x 

w = -2ciy Sirl ?i x 
($13 

i n  vthiefi u; v, and w a r e  the  diSplaceinents i n  t he  2, y,  and z codrd tna te  

d i r g c t i o n s  dhoatl i n  Figui-e 7. 

Neglecting bending energy terms i n  t h e  f lange carhpared to  the  mernbt. 

kerfis, t he  load f a c t o r ,  R ,  f o r  sti er ro l l i r ig  i n  a giu’en eavelehgtd can 

b6 +&-itten a s  

of- t hQ load f a c t o r  i$ found fof tsavki 

load f ac to r  minus o 



TORSIONAL/FLEXURAL BUCKLING OF STIFFENERS 

I n  the  a n a l y s i s  it is assumed t h a t  t h e  s t i f f e n e r s  a r e  cocured or 
bonded t o  t h e  s k i n  and t h e  portion of t h e  s k i n  t h a t  is n t e g r a l  with t h e  

st iffener f lange  is considered p a r t  of t h e  s t i f f e n e r .  The remaining skin 
on each s i d e  of t h e  st iffener is assumed t o  be detached and replaced by a 

set of equiva len t  stress r e s u l t a n t s .  These stress r e s u l t a n t s  (and couples)  
a r e  considered t o  a c t  a s  e x t e r n a l  loads on t h e  st iffener,  a s  shown i n  
Figure 8. The buck l ing  mode is assumed t o  be pe r iod ic  along the  w i d t h  

d i r e c t i o n  w i t h  one period * p '  i n c l u d i n g  one or more stringers (see Figure 

9) 9 

L '  

Figure 8. Skin Forces Acting on Stiffener 

KTH STIFFENER 

/ (K+l)TH STIFFENER 

1 7 3 

Figure 9 .  Transverse Mode Shape 
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By letting 

in which = n?VL,  and substituting equation (44) into equatioh ( 4 3 1 ,  
the following uncoupled fourth order differential equation in W 
obtained 

[k) 

The solution to equation (45) can be p u t  in the form 

4 

j=1 
u(') = A i k ' f j ( y )  (46) 
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where f are 
S u b s t i t u t i n g  
i n g  y i e l d s  an  

j 
( k )  a r e  c o n s t a n t s  of i n t e g r a t i o n .  known f u n c t i o n s  of and A 

e q u a t i o n  (46) i n t o  t he  f irst  of e q u a t i o n s  ( 4 3 )  and i n t e g r a t -  
j 

e x p r e s s i o n  for V ( k )  which may be w r i t t e n  i n  t h e  form 

4 

The i n t e g r a t i o n  c o n s t a n t s  may be e x p r e s s e d  i n  terms of t h e  b u c k l i n g  

d i s p l a c e m e n t s  of  t h e  kth and ( k  + l I t h  s t i f f e n e r s  b y  imposing c o n d i t i o n s  o f  

c o n t i n u i t y  between s k i n  and s t r i n g e r s  a t  t h e  l e f t  (L) and r i g h t  (R) 
a t t a c h n e n t  l i n e s  shown i n  F i g u r e  8. Denoting t h e  l o n g i t u d i n a l  d i s p l a c e m e n t  

of t h e  s t i f f e n e r  d u r i n g  b u c k l i n g  b y  uo, t h e  d i s p l a c e m e n t s  of t h e  s h e a r  

c e n t e r  i n  t h e  y and z d i r e c t i o n s  b y  vo and wo, r e s p e c t i v e l y ,  and t h e  twist 

p e r  u n i t  l e n g t h  by 6 t h e  d i s p l a c e m e n t s  of t h e  s t r i n g e r  a t  an a r b i t r a r y  

p o i n t  q of  t h e  c r o s s - s e c t i o n  may be e x p r e s s e d  a s  

0 
w = w + (Yq-Y# 

9 

The c o o r d i n a t e s  of  t h e  s h e a r  c e n t e r  (yo* zo) and those of p o i n t  q ( Y q *  

zq) a r e  measured w i t h  r e s p e c t  t o  t h e  c e n t r o i d .  The l a s t  term i n  t h e  first 

of e q u a t i o n s  (48)  r e p r e s e n t  t h e  d i s p l a c e m e n t  d u e  to  warping of t h e  cross- 
s e c t i o n  a t  q. To s a t i s f y  i n p l a n e  c o n t i n u i t y  between s k i n  and s t i f f e n e r s  

a t  t h e  a t t a c h m e n t  l i n e s ,  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  p r e s c r i b e d .  
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By s u b s t i t u t i n g  e q u a t i o n s  (46) and (4'4) i n t o  equzl t ions ( idging 
t h e  r e s u l t s  together w i t h  e q u a t i o n  (48) i n  botindary c o n d i t i  (49). 
one may s o l v e  for the  i n t e g r a t i o n  c o n s t a n t s  i n  m 

re the terms i n  t h e  4 ir 4 m a t r f c  
and gj(j?) a t  j? = 0 and 7 = bk, r e s p e c t i v e l y .  

of t h i 3  t y p e .  The Nth e q u a t i o n s ,  h vel*, become8 
If there are  N s t i f f e n e r s  wi th i t l  one? period, t h e r e  w i l l  ti23 

(k) (k 1 
and N The c o n s t r a i n t  forces N a c t i n g  on t h e  kth s t r i n g e r  may now 

be determined  i n  terms of t h e  d i s p l a c e m e n t s  and t w i s t  of t h a t  S t r i n g e r  and 
t h e  a d j a c e n t  ones, or 

YY X Y  
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c 

where t h e  terms SR sR T and TR a r e  f u n c t i o n s  of t h e  matrix 

are f u n c t i o n s  of t h e  matr ix  coeff ic ients  R 

c o e f f i c i e n t s  L i J O  

.I 3 - j- 
The terms Si e SL , TL , TL 

3 3 3 3  i j  

Effect of skin bending on s t i f f e n e r  buckl ing  

The governing d i f f e r e n t i a l  equat ion  for p l a t e  bending i n  t h e  presence 

of  membrane f o r c e s  (R w ) may be writ+-.en 
X X '  yy' xy 

where is t h e  normal displacement  o f  t h e  s k i n  pane l  wi th  r e s p e c t  t o  t h e  

pre-buckling c o n f i g u r a t i o n  and p is the  normal p r e s s u r e .  

I n  de te rmining  t h e  f l e x u r a l  e f fec ts  of t h e  a t t ached  s k i n ,  t h e  s t ress  
r e s u l t a n t s  NXx and A a r e  t r e a t e d  as cons tan t  l oads .  I n  o r d e r  t o  s i m -  
p l i f y  t h e  a n a l y s i s ,  membrane shea r  !? . is n o t  inc luded  and t h e  bending- 

t w i s t i n g  stiffness terms D,6 and DZ6 a r e  assumed t o  be zero .  I n  t h e  
absence of  normal loading ,  t h e  governing d i f f e r e n t i a l  equat ion  reduces to 

YY 

X Y  

where 
- 

D3 - D12 + ZD66 
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Represent ing  t h e  normal displacement  a$ 

and d e f i n i n g  

equa t ion  (53) may be written i n  t h e  fo l lowing  form. 

The s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ion  (55) depends on t h e  v a l u e s  
-2 ,U and g. The g e n e r a l  form of t h e  so la t inr :  m y  be x-ltt,?:? as 

4 

( k )  a r e  so lved  i n  terms of the buckl ing  The i n t e g r a t i o n  c o n s t a n t s  C 

d i sp lacements  of t h e  kth and (k  + s t i f f e n e r s  by r e q u i r i n g  t h e  

fo l lowing  c o q d i t i o n s  to be s a t i s f i e d  

j 
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Using t h e  t h i r d  of e q u a t i o n s  (48 )  i n  c o n j u n c t i o n  w i t h  e q u a t i o n s  (54) 
t h  

and (56) one o b t a i n s  t h e  s o l u t i o n  for t h e  i n t e g r a t i o n  constants of t h e  k 
s t i f f e n e r  i n  t h e  form 

where t h e  t e r m s  i n  t h e  4 x 4 matrices CffI and 163 are f u n c t i o n s  of t h e  
F j ( y ) .  For t h e  Nth stiffener 

The moments and s h e a r  forces a c t i n g  on t h e  kth s t i f f e n e r  can now be 
t h  o b t a i n e d  i n  terms of t h e  normal d i s p l a c e m e n t s  and twists of t h e  k 

s t i f f e n e r  and t h e  a d j a c e n t  s t i f f e n e r s .  

- 
The terms B R  

R i j .  ?he terms BL BL P 

c o e f f i c i e n t s  L 

B R . 9  R R . 9  and R R  are f u n c t i o n s  of t h e  m a t r i x  c o e f f i c i e n t s  

R , and R L  a r e  f u n c t i o n s  of t h e  m a t r i x  
j J 3 ,  j - 

j j LJ j 

ij 
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Fbrtbulaticirn of stability matrix 

f f e r e n t i a l  equa t i  nsiderimg equi l ibr ium of 
f o  and moments ac t ing  on ar small  element of t h e  & t i f f e n e r .  Included 

i n  e fo rces  and moments a r e  those a l e f t  (L) and r i g h t  

(R) attachment lines by the sk d u r i ng buc k l  i ng . 
moments, M and MZ, and the .ft Mx, may be sltp i n  terms Y 

of t%e s t i f f e n e r  displacements and t w  

?he following four s t a b i l i t y  equat ions a r e  der ived by considering 

equi l ibr ium of f o r c e s  and moments 



a* 

The e x p r e s s i o n s  for t h e  c o n s t r a i n t  forces and moments, e q u a t i o n s  (52) 

and  (60). may be s u b s t i t u t e d  i n  e q u a t i o n s  (62) t o  y i e l d  a new set  of 
e q u a t i o n s  for t h e  kth s t i f f e n e r .  This new set of e q u a t i o n s  w i l l  i n v o l v e  
t h e  b u c k l i n g  d i s p l a c e m e n t s  and t w i s t  of t h e  a d j a c e n t  s t i f f e n e r s  as well as 

those of t h e  s t i f f e n e r  u n d e r  c o n s i d e r a t i o n .  
B u c k l i n g  d i s p l a c e m e n t s  a re  assumed i n  t h e  form 

E q u a t i o n s  (62) may now be w r i t t e n  i n  t he  form 

= o  ( 6 4 )  

In  t h e  a b o v e  [ A A I  is of order 4 N  x 4 N  and CBBI is of order 4 N  x 3N. 
By e l i m i n a t i n g  t h e  column s u b m a t r i x  I U* 1 a s t a n d a r d  e i g e n v a l u e  p rob lem 

of order 3N x 3N is o b t a i n e d .  

- 
The lowest e i g e n v a l u e ,  Pcr, c o r r e s p o n d s  to 

x 

load.  

(65) 

t h e  s t i f f e n e r  b u c k l i n g  
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%hen t h e  p a n e l  is s u b j e c t  t o  i n t  

s k i n  and when the panel  S t i f f e n e r s  a ured to  t h e  s k i n ,  

c r i t i ca l  f a i l u r e  mode i n v o  

to  s e p a r a t i o n ,  t h e  i n t e r f a c e  b 
camglex stress d i s t r i b u t i o n .  Thi 

t u d i n a l  and t r a n s v e r s e  direct. stresses, Ox and 0 normal d i r e c t  

and t r a n s v e r s e  s h e a r  Stresses, Txz 

i n t e r f a c e  stress a n a l y s i s  i n  POQTOF is an a t t e m p t  to  p r o v i d e  t h e  

B' 
st rem, 0 i n p l a n e  s h e a r  &res$, 7 
and 

Z* X Y  * 

d e s i g n e r  w i t h  a means of minimizing t h e  tendency  toward s k i n /  

s e p a r a t i o n .  P r e v e n t i o n  of  t h i s  mode from b e i n g  c r i t i ca l ,  r a t  

p r e d i c t i o n  of t h e  s e p a r a t i o n  f a i lu re  l o a d ,  is t h e  o b j e c t i v e  of  n t  
a n a l y s i s .  The c o m p u t a t i o n a l  e f f i c i e n c y  r e q u i r e d  of any a n a l y s i s  i n  a 

p r a c t i c a l  s i z i n g  code is a s t r o n g  c o n s t r a i n t  on t h e  t y p e s  of a n a l y s e s  

which may be i n c l u d e d  i n  s u c h  codes. This requi rement  exc luded  from 

c o n s i d e r a t i o n  any h i g h l y  non- l inear  s e p a r a t i o n  f a i l u r e  a n a l y s i s .  
The c u r r e r i t  i n t e r f d c c  s t r t s v  a r l a l y s i s  p r o v i d e s  a n  e f f i c i e n t  e 

closed-form s o l u t i o n  for the i n t e r f a c e  stresses based on t h e  assumpt ion  of 
c l a s t i c  l i n e a r  m a t e r i a l  b e h a v i o r  and small d e f l e c t i o n s .  Margins of s a f e t y  

a r e  o b t a i n e d  w i t h  t h e  T s a i - H i l l ' s  c r i t e r i o n  a s  a p p l i e d  t o  a three 

d imens iona l  stress s t a t e .  

The p h y s i c a l  model for which t h e  s o l u t i o n  is  developed  is shown i n  

F i g u r e  10. The model c o n s i s t s  of  f l a n g e  and s k i n  p l a t e s  and an i n t e r f a c e  
l a y e r .  The aktached f l a n g e s  a r e  assurrted t o  be of e q u a l  w i d t h  b and e q u a l  

uniform t h i c k n e s s ,  t f .  The remainder  of t he  s t i f f e n e r  is r e p l a c e d  by a 

i c a l  and a r o t a t i o n a l  s p r i n g  i n  t h e  web midplane h a v i n g  s t i f f n e s s e s  kZ 

and k r ,  r e s p e c t i v e l y .  The s k i n  between s t i f f e n e r  f l a n g e  edges  is r e p l a c e d  
by e q u i v a l e n t  moments and s h e a r  f o r c e s  i n  t h e  buckled s k i n .  These stress 
r e s u l t a n t s  a r e  d i s t r i b u t e d  s i n u s o i d a l l y  over  t h e  buckled s k i n  wavelength ,  
A. A t r a n s v e r s e  s t i f f n e s s  k r e p r e s e n t i n g  t h e  t r a n s v e r s e  meniSr 

S t i f f n e s s  of t h e  removed s k i n ,  acts on the  edges of t h e  remaining s k i n  

p l a t e .  LongPtudinaX i n p l a n e  l o a d s  are p r e s e n t  i n  t h e  f l a n g e  and s k i n  and 

a t r a n s v e  i n p l a n e  l o a d  i n  t h e  s k i n .  I n p l a  r is c u r r e n t l y  n o t  

Y '  
* 
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i n c l u d e d  i n  t h e  model. The ef fec t  of  i n  p l a n e  s h e a r  is ,  however, i n c l u d e d  
i n  d e t e r m i n i n g  t h e  buckled  s k i n  e q u i v a l e n t  moments, M, and s h e a r  forces, V ,  

a p p l i e d  to the  s k i n  p o r t i o n  of t h e  model as shown i n  F i g u r e  10. 

INTERFACE 
VERTICAL 8 LAYER MODULI 
ROTATIONAL 
RESTRAINT AT 
STIFFENER 
WEB $ 

I n d e p e n d e n t  s o l u t i o n s  h a v e  b e e n  d e v e l o p e d  f o r  t h e  a n t i s y m m e t r i c  

c o n d i t i o n s  p r e s e n t  i n  p o s t b u c k l e d  b i a x i a l l y  loaded p a n e l s  and for  t h e  

symmetr ic  c o n d i t i o n  t h a t  results from p r e s s u r e  l o a d i n g .  The a n t i s y m m e t r i c  

case c l o s e l y  approximates  t h e  d e f o r m a t i o n  of pos tbuckled  p a n e l s  loaded  
w i t h  b i a x i a l  p l u s  shea r  l o a d s  i f  t h e  shear l o a d  is of a secondary  n a t u r e  

as  p r e v i o u s l y  assumed and the f l a n g e  w i d t h ,  b f ,  is s m a l l  r e l a t i v e  t o  t h e  

wavelength .  S i n c e  t h e  s o l u t i o n s  a r e  l i n e a r ,  s u p e r p o s i t i o n  is used t o  
o b t a i n  t o t a l  stresses i f  r e q u i r e d .  Uz, and 
t r a n s v e r s e  s h e a r  stresses, Txz and 7 y Z  a r e  o b t a i n e d  d i r e c t l y .  The 

remain ing  i n t e r f a c e  stresses a r e  o b t a i n e d  from t h e  s k i n  i n p l a n e  s t r a i n s  
and t h e  requi rement  of s k i n - i n t e r f a c e  c o m p a t i b i l i t y .  

The s o l u t i o n  procedure  for the  a n t i s y m m e t r i c  case is summarized below. 

The i n t e r f a c e  normal stress, 

I* 

The procedure  for t h e  symmetric s o l u t i o n  is similar.  

If t h e  f l a n g e  and s k i n  a r e  o r t h o t r o p i c  and loaded a n t i s y m m e t r i c a l l y  
a b o u t  t h e  wet midplane ,  t h e y  w i l l  deform a n t i s y m m e t r i c a l l y .  The a p p l i e d  

39 



m a m a &  and shear may be repredet l ted i n  series fffrm a s  

i n  m = 1,  2, . ..and 4 = x/k . l%e $kin d isp lacef ien ts  
and p: d i r e c t i o n s  may be writteh. i n  Series form as 

P ( q )  s i n  mn[ v = c c  m n  'mn n 

i n  which n = 0, 2, 4 ,  ... and ?l 
polynomials .  The i n t e r f a c e  stresses 

skin may be written i n  s i m i l a r  farm 

Yz =czp,, m n 

i n  tlre x ,  y ,  

= y/bf. The P n (  a r e  Legendre 
a c t i n g  on the upper s u r f a c e  of the  

P,(q) s i n  rn~e  
(68) 

R weighted r e s i d u a l  procedure is used t o  e s t a b l i s h  t h e  gaverning 
e q u a t i o n s  for t h e  i ane and transverse displacem@nts of ah o r t h o t r o p i c  

lrrrace nornlal  a n d  t a n g  i a l  loads r e p r e s e n t i n g  

d i n  t h e  governing 

r e sb ions  for tH& app l i ed  edge 
a r s ,  the s k i n  d isp lacements ,  and t h e  i n t e r f a c e  Stresses 

r a l g e b r a i c  equa t ions  



w 

for t h e  d isp lacement  c o e f f i c i e n t s  a s  f u n c t i o n s  of t h e  app l i ed  edge load  

and unknown surface load cQefficients. In matrix form t h e s e  equa t ions  a r e  

i n  which t h e  terms o f  t h e  c o e f f i c i e n t  ma t r i ces  a r e  f u n c t i o n s  of t h e  p l a t e  

s t i f f n e s s e s  and dimensions.  Due to  t h e  p r o p e r t i e s  of t h e  Legendre 

polynomials  chosen a s  t h e  shape f u n c t i o n s ,  t h e s e  terms may be r a p i d l y  

computed. The CRl and a r e  func t ions  of  t h e  app l i ed  edge loads .  If N 
shape f u n c t i o n s  a r e  inc luded  i n  t h e  series e x p r e s s i o n s ,  e q u a t i o n s  (69) 
con ta in  3N equa t ions .  These equa t ions  may be developed independent ly  f o r  

each  va lue  o f  m a s  r e q u i r e d  by t h e  series expres s ions  of t h e  edge l o a d s ,  

eqvati_r??- ! 5 h ! .  S i m i l a r l y ,  a set  of equa t ions  may be developed f o r  t h e  

f l a n g e  d isp lacements  u f ,  v f ,  w f .  

[i] { w f }  = [Ti j 7 I k],?1 I” 
’he two p l a t e s  a r e  forced  to  have compatible  deformations through t h e  

c o n t i n u i t y  c o n d i t i o n s  

i n  which t f ,  t s ,  and ta a r e  t h e  f l a n g e ,  s k i n ,  and i n t e r f a c e  t h i c k n e s s e s ,  

r e s p e c t i v e l y ,  and E and G a r e  t h e  e l a s t i c  moduli of t h e  i n t e r f a c e  l a y e r .  
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If equations (69) and (70)  a r e  solved f o r  t h e  displacement c o e f f i c i e n t s  

and subs t i tu ted ,  along wih equations ( 6 7 )  and (681, i n t o  t h e  cont inui ty  

cohditiohs,  equations ( 7 1 ) ,  a s e t  of 3N l i n e a r  a lgebraic  equations for  t h e  

i n t e r f a c e  s t r e s s  c o e f f i c i e n t s  results 

These equations may be developed and solved for each value of m i n  t h e  

edge load s e r i e s  y i e l d i n g  t h e  i n t e r f a c e  s t ress  c o e f f i c i e n t s .  The 

i n t e r f a c e  s t r e s s e s  a r e  then obtained from equations (68).  

The i n t e r f a c e  s t r e s s e s  a r e  evaluated a t  a number of points  on a grid  
defined by the program user.  Typically points  along the  flange edge w i l l  

be c r i t i c a l  although loca t ions  n e a r  the web may be c r i t i c a l  i n  some cases.  

Some examples a r e  given i n  t h e  User's Manual, Reference 4 .  

Margins of s a f e t y  a t  t h e  g r i d  points  a r e  computed according t o  the 

Tsai-Will c r i t e r i o n .  "his c r i t e r i o n  nay hi.: W r - i L t c r i  a s :  

-2  2 2 2 

S =  + 

-2  -2 -2  

+ (73) 

i n  which the bar superscr ip t  denotes  allowable s t r e s s e s .  Different 

allowables may be spec i f ied  for  t e n s i l e  and compressive d i r e c t  s t r e s s e s .  

The allowable s t r e s s e s  appropriate t o  the sense of t h e  computed s t r e s s e s  

9. 
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a r e  used i n  computing t h e  v a l u e s  of S a t  t h e  g r i d  p o i n t s .  The margin of 
s a f e t y  i n  t h i s  mode is l/(lc/s- -1 .  

The i n p l a n e  i n t e r f a c e  stresses used i n  e q u a t i o n  (73) are  

XY = GyXY 

i n  which e x  is t h e  l o n g i t u d i n a l  s t r a i n  a t  t h e  i n t e r f a c e  m i d s u r f a c e .  The 

s t r a i n s  € and Y a r e  c o n s e r v a t i v e l y  set  e q u a l  t o  t h e  s k i n  t r a n s v e r s e  and 
Y X Y  

s h e a r  s t r a i n s ,  r e s p e c t i v e l y .  

SKIN LAYUP DESIGN CONSTRAINTS 

It i s  o f t e n  d e s i r a b l e  t o  p l a c e  c o n s t r a i n t s  on  t h e  p r o p o r t i o n s  of s k i n  
m a t e r i a l  o r i e n t e d  i n  v a r i o u s  d i r e c t i o n s .  For example,  t h e  "soft s k i n "  

concept  has  been used a s  a means o f  enhancing  t h e  damage t o l e r a n c e  o f  
s t i f f e n e d  p a n e l s .  In t h i s  c a s e  t h e  s k i n  is r e q u i r e d  to  have a h igh  

p r o p o r t i o n ,  s a y  60 p e r c e n t  o r  h i g h e r ,  o f  i t s  t o t a l  m a t e r i a l  o r i e n t e d  i n  t h e  
- +4S-degree d i r e c t i o n s .  Without a lower bound on t h e  p r o p o r t i o n  o f  

- +45-degree m a t e r i a l ,  t h e  si z ing  procedure  would most l i k e l y  r e s u l t  i n  l ess  

t h a n  60 p e r c e n t  - +45-degree m a t e r i a l  i n  t h e  s k i n .  

To a c h i e v e  d e s i g n s  s u c h  a s  t h e  sof t  s k i n  c o n c e p t ,  lower bounds may be 

placed on t h e  p r o p o r t i o n s  of s k i n  m a t e r i a l  o r i e n t e d  i n  t h r e e  g e n e r a l  

d i r e c t i o n s  or zones  a s  shown i n  F i g u r e  11, Zone 1, t h e  l o n g i t u d i n a l  zone,  

is d e f i n e d  as t h e  x - d i r e c t i o n  ( s t i f f e n e r  d i r e c t i o n ) ,  p l u s  o r  minus a small 

a n g l e  8. The a n g l e  may be z e r o  o r  any small p o s i t i v e  nunber o f  d e g r e e s .  
Zone 3, t h e  t r a n s v e r s e  zone, i s  d e f i n e d  a s  t h e  y - d i r e c t i o n  p l u s  or minus 8. 
Zone 2, t h e  i n t e r m e d i a t e  zone, i n c l u d e s  d i r e c t i o n s  excluded from b n e s  1 

and 3. To a c h i e v e  t h e  sof t  s k i n  d e s i g n  d e s c r i b e d  above,  lower bounds of 
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0.0.  0.6 and 0.0 would be set for Zones 1, 2, and 3 ,  r e s p e c t i v e l y ,  and 

8 m u l d  b e  set to  zero degrees. The purpose of t h e  a n g l e  0 i s  to  allow 

s l i g h t l y  o f f - a x i s ,  say +5-degree, material  to  b e  used a s  t h e  b a s i c  

l o n g i t u d i n a l  mater ia l  r a t h e r  t h a n  o n l y  zero-degree m a t e r i a l .  T r a n s v e r s e  

mater ia l  would,  i n  t h i s  case, be - +185/95)-degree material and e' would. b e  

set at 5 -degrees .  If no s k i n  l a y u p  d e s i g n  c o n s t r a i n t s  are d e s i r e d ,  a l l  

lower bounds a re  s i m p l y  set  to zero, 

- 
- 

LONGITUDINAL - 
ZONE 1 

INTERMEDIATE - 
ZONE 2 

\TRANSVERSE - 
ZONE 3 

Figure 1 1  e Skin Layup Design Constraint Zones for 
Skin Mater io  I Or ieni ai i ons 

MULTIPLE LOAD CASES 

POSTOP h a s  t h e  z a p a b i l i t y  t o  a n a l y z e  o r  s i z e  p a n e l s  w i t h  up t o  f i v e  

s e p a r a t e  l o a d  c a s e s .  In t h e  s i z i n g  mode, a minimum-weight p a n e l  is 

o b t a i n e d  t h a t  s a t i s f i e s  a l l  d e s i g n  r e q u i r e m e n t s  for a l l  t h e  l o a d  c a s e s .  

The marg ins  o f  s a f e t y  f o r  each f a i lu re  mode i n  each load c a s e  a r e  computed 

and t h e  c r i t i c a l  marains o f  s a f e t y  a r e  used t o  f o r m u l a t e  d e s i g n  con- 

s t r a i n t s  d u r i n g  s i z i n g .  

Each l o a d  c a s e  h a s  i ts own i n p l a n e  and normal l o a d s ,  e c c e n t r i c i t i e s ,  

t e m p e r a t u r e ,  r e q u i r e d  p a n e l  s t i f f n e s s e s ,  s k i n  b u c k l i n g  r e q u i r e m e n t ,  

m a t e r i a l  p r o p e r t i e s  and a l l o w a b l e s  and s t r a i n  l i m i t a t i o n s .  S t i f f e n e r  

d imens ions  and s p a c i n g ,  l a m i n a t e  c o n f i g u r a t i o n s ,  and s k i n  layup d e s i g n  

c o n s t r a i n t s  a r e  ccmmn to  a l l  l o a d  c a s e s .  

44 



SI2 ING 

The de te rmina t ion  of  va lues  for t h e  panel  variables so t h a t  a l l  mar- 
g i n s  of s a f e t y  are wi th in  p re sc r ibed  bounds and t h e  panel  h a s  t h e  lowes t  

p o s s i b l e  weight is r e f e r r e d  t o  a s  sizing. POSTOP uses t h e  program CONMIN 

(Reference 2) to determine how t h e  v a r i a b l e s  should be changed from an  

i n i t i a l  des ign .  The program COPES (Reference 1)  is  used t o  impose l i m i t s  

on t h e  v a r i a b l e s  o r  margins t o  s a f e t y ,  t o  l i n k  v a r i a b l e s ,  and t o  p rov ide  

des ign  a i d s  such a s  t h e  s e n s i t i v i t y  s tudy  op t ion  o r  t h e  approximate o p t i -  

miza t ion  t echn iques  desc r ibed  i n  t h i s  r e fe rence .  COPES a l s o  provides  t h e  

a b i l i t y  t o  s i z e  a pane l  t o  meet o b j e c t i v e s  o t h e r  than  m i n i m u m  weight .  For 

example, a panel  wi th  a given weight could be s i z e d  t o  provide  a maximum 

p o s i t i v e  margin o f  s a f e t y  i n  a p a r t i c u l a r  f a i l u r e  mode. The margins o f  

s a f e t y  a r e  computed i n  a l l  c a s e s  by t h e  a n a l y s i s  r o u t i n e s  p rev ious ly  d i s -  

cussed .  

OPTIMIZATION PROBLEM STATEMENT 

The s t anda rd  s t a t emen t  of  an op t imiza t ion  problem is: Find t h e  va lues  

f o r  t h e  des ign  v a r i a b l e s  Xi such t h a t  some o b j e c t i v e  f u n c t i o n  Y ( X i )  is 

minimized s u b j e c t  t o  t h e  c o n s t r a i n t s  G . ( X i )  - < 0 and (Lower Bound)i 5 Xi - < 
J 

(Upper I3oundIi. 

Normally t h e  o b j e c t i v e  func t ion  is t h e  panel  weight per  u n i t  p lan  form 

a r e a .  A l t e r n a t i v e l y  any margin computed by t h e  a n a l y s i s  routines may be  

The des ign  chosen a s  t h e  o b j e c t i v e  f u n c t i o n  i n  which c a s e  Y ( X i )  

v a r i a b l e s  may inc lude  any of t h e  s t i f f e n e r  f l a n g e  wid ths ,  t h e  s t i f f e n e r  

h e i g h t .  t h e  s t i f f e n e r  spac ing  and t h i c k n e s s e s  o f  t h e  va r ious  laminae 

d e f i n i n g  t h e  s t i f f e n e r  and s k i n  l amina te s .  Panel l eng th  is normally h e l d  

c o n s t a n t  bu t  may be chosen a s  a v a r i a b l e  i f  d e s i r e d .  

= -MSJ* 

COPES a l l o w s  upper and lower bounds t o  be placed on t h e  v a r i a b l e s  o r  

any funccion of t h e  v a r i a b l e s .  Var iab le  c o n s t r a i n t s  a r e  Lreated a s  linear 
s i d e  c o n s t r a i n t s .  Funct ion c o n s t r a i n t s  may be l i n e a r  o r  non l inea r .  I n  

POSTOP t h e  user d e f i n e s  bounds on a l l  v a r i a b l e s  and margins.  Panel weight 

may a l s o  be bounded i n  a margin maximization s i z i n g .  The c o n s t r a i n t s  
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G (X 1 may be expressed i n  s t anda rd  form a s  
J ” j  

Lower Limit - Value = G, (X.) 5 0 

r Limit = Gk (X.) 5 0 
I ‘  

I 

COPES i n t e r n a l l y  formula tes  t h e  c o n s t r a i n t s  i n  t h i s  way. Normally 

each  margin of s a f e t y  w i l l  be r equ i r ed  to  be g r e a t e r  than zero, o r  some 

imum va lue ,  and w i l l  n o t  have an upper l i m i t ;  imposed. In t h i s  way 

d i f fe ren t  margins of  s a f e t y  may be r equ i r ed  t o  have d i f f e r e n t  m i n i m u m  

va lues .  Var i ab le s  m u s t  be cons t r a ined  t o  have p o s i t i v e  va lues .  These 

s i d e  c o n s t r a i n t s  are imposed d i r e c t l y  by l i m i t i n g  p o s s i b l e  va lues  t h a t  t h e  

v a r i a b l e s  can assume. 

-- 

The n o n l i n e a r  mathematical  programming procedure used i n  CONMIN is  a 

mod i f i ca t ion  of  t h e  method o f  f e a s i b l e  d i r e c t i o n s  (Reference 3 ) .  This 

procedure is well documented i n  Refereiizc 2 and x l y  = Lrle: overview is 

given h e r e .  

A s t a r t i n g  des ign  is de f ined  which may be i n  t h e  f e a s i b l e  or i n f e a s -  

i b l e  r eg ion  bur, should be vfreasonable . l l  Gradien ts  t o  Y ( X i >  and t h e  

c r i t i c a l  G . ( X . )  a r e  computed. POSTOP r e q u i r e s  CONMIN t o  compute t h e  

g r a d i e n t s  by f i n i t e  d i f f e r e n c e s  s i n c e  most of t h e  margins of s a f e t y  a r e  

computed by a lgo r i thms  r a t h e r  than  e x p l i c i t  f u n c t i o n s .  Assuming t h e  

s t a r t i n g  des ign  t o  be f e a s i b l e ,  i t  is modified us ing  t h e  conjugate  d i r e c -  

t i o n s  method u n t i l  a c o n s t r a i n t  is encountered.  Fu r the r  mod i f i ca t ions  a r e  

made i n  a d i r e c t i o n  t h a t  w i l l  d ec rease  Y ( X i )  but  not  v i o l a t e  t h e  G ( X i ) .  

When no f u r t h e r  mod i f i ca t ions  a r e  p o s s i b l e  t h e  optimum des ign  has  been 

found. A g loba l  optimum cannot  be a s su red .  D i f f e r e n t  s t a r t i n g  d e s i g n s  

may bo used t o  achieve  some conf idence  a s  t o  t h e  g loba l  or  l o c a l  na tu re  of 

t h e  optimum d e s i g n s .  I n  most c a s e s  s t a r t i n g  des igns  t h a t  are well w i t h i n  

t h e  f e a s i b l e  r eg ion  a l low t h e  op t imiza t ion  procedure t o  produce des igns  

t h a t  a r e  very  close t o  t h e  apparent  g loba l  des ign .  Experience w i t h  POSTOP 

h a s  shown t h a t  l o c a l  m i n i m u m  va lues  of panel  weight may be found t h a t  a r e  

approximately e q u a l ,  b u t  t h e  corresponding des igns  may be s i g n i f i c a n t l y  

d i f f e r e n t  . 

J 1  

j 
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